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HORIZONTAL HEEGAARD SPLITTINGS OF SEIFERT
FIBERED SPACES
JESSE JOHNSON
Abstract. We show that if an orientable Seifert fibered space M
with an orientable genus g base space admits a strongly irreducible
horizontal Heegaard splitting then there is a one-to-one correspon-
dence between isotopy classes of strongly irreducible horizontal
Heegaard splittings and elements of Z2g. The correspondence is
determined by the slopes of intersection of each Heegaard splitting
with a collection of 2g incompressible tori inM . We also show that
there are Seifert fibered spaces with infinitely many non-isotopic
Heegaard splittings that determine Nielsen equivalent generating
systems for the fundamental group of M .
1. Introduction
Certain closed Seifert Fibered spaces are known to admit a type of
Heegaard splitting called a horizontal Heegaard splitting. Bachman
and Derby-Talbot [1] showed that any Seifert fibered that admits a
strongly irreducible horizontal splitting admits infinitely many isotopy
classes of horizontal splittings. We improve their analysis to show the
following:
Let M be an orientable Seifert fibered space with base space an
orientable genus g surface and let T1, . . . , T2g be vertical tori in M such
that Ti ∩ Tj is a single loop for i odd, j = i + 1 (or vice versa) and
empty otherwise. The complement in M of a regular neighborhood of
these tori is a Seifert fibered space over a g-times punctured sphere.
1. Theorem. If M admits a strongly irreducible horizontal Heegaard
splitting then for every 2g-tuple of integers (s1, . . . , s2g) ∈ Z
2g, there
is a unique (up to isotopy) strongly irreducible, horizontal Heegaard
splitting that intersects each Ti in a family of essential loops with slope
si. Moreover, Heegaard splittings that define distinct 2g-tuples of slopes
are not isotopic.
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A Heegaard splitting for a compact, closed, orientable 3-manifold M
is a triple (Σ, H1, H2) where Σ ⊂ M is a compact, closed, two-sided
surface and H1, H2 ⊂ M are handlebodies (homeomorphic copies of
closed regular neighborhoods of connected, finite graphs in S3) with
∂H1 = Σ = ∂H2 and H1 ∪H2 =M .
A Heegaard splitting (Σ, H1, H2) is strongly irreducible if every essen-
tial, properly embedded disk in H1 intersects every essential, properly
embedded disk in H2. We will describe the construction of a horizontal
Heegaard splitting in Section 3.
Given a Heegaard splitting (Σ, H1, H2) ofM , there is a smooth func-
tion f : M → [0, 1] such that the pre-image of each point in (0, 1) is
a surface isotopic to Σ and the pre-images of {0} and {1} are graphs
(called spines) in H1 and H2. Such a function is called a sweep-out
(see [3]) and the restriction of f to a vertical torus in M is (generi-
cally) a Morse function. A Morse function on a torus always has level
sets that are essential in the torus. Level sets of a Morse function are
pairwise disjoint and disjoint essential loops in a torus are parallel so f
determines a unique isotopy class of simple closed curves in the torus.
We will describe below how a simple closed curve in a vertical torus
determines a rational number called its slope. Different sweep-outs will
restrict to different Morse functions on T , so a Heegaard splitting may
determine more than one slope. We will show that in many cases if
two sweep-outs come from the same Heegaard splitting then they will
determine the same slope on the vertical torus. In particular, for M a
Seifert fibered space with orientable base space and T1, . . . , T2g vertical
tori in M as above, we show the following:
2. Lemma. A strongly irreducible Heegaard splitting of a Seifert fibered
space M determines a unique slope in each vertical torus Ti.
This is proved in Section 3, based on techniques developed in Sec-
tion 2, and shows one direction of Theorem 1. The other direction
follows from the construction of horizontal Heegaard splittings and is
also proved in Section 3.
In Sections 4 and 5, we consider the generating set for the funda-
mental group of M . Two generating sets are called Nielsen equivalent
if one can be changed to the other by a finite number of type-one Ti-
etze moves (i.e. replacing the ith generator with its inverse or with the
product of the ith and the jth generator for some i 6= j).
The fundamental group of each handlebody in a Heegaard splitting
is a free group and the inclusion of its fundamental group into π1(M)
determines a generating set for π1(M). If the handlebodies of two
Heegaard splittings determine generating sets for π1(M) that are not
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Nielsen equivalent then the Heegaard splittings can not be isotopic.
Lustig and Moriah have used Nielsen equivalence to distinguish verti-
cal Heegaard splittings of Seifert fibered spaces [5] as well as Heegaard
splittings of certain hyperbolic 3-manifolds [6]. We show that unfortu-
nately, Nielsen class does not always distinguish non-isotopic Heegaard
splittings. In particular, we describe in Section 5 a family of Seifert
fibered space over the torus with two singular fibers such that each
admits infinitely many non-isotopic Heegaard splittings whose handle-
bodies determine Nielsen equivalent generating sets in π1(M).
2. Toroidal summands
Let M be a compact, closed, orientable, irreducible 3-manifold (not
necessaily a Seifer fibered space) and let N ⊂ M be a submanifold
homeomorphic to T × S1 where T is a once punctured torus. Assume
∂N is incompressible in M . (If ∂N is compressible in M then it com-
presses to a sphere in the complement ofN so, becauseM is irreducible,
N must be a solid torus.)
There are two canonical simple closed curves in ∂N that are picked
out by the topology: a meridian µ that is the boundary of an incom-
pressible torus T × {y} in T × S1 (for some y ∈ S1) and a longitude λ
that is the slope of a vertical loop {x} × S1 (y ∈ ∂T ). The meridian µ
is the unique (up to isotopy) loop in ∂N that is homology trivial in N ,
so it is determined independently of the product structure on N . Every
essential annulus properly embedded in N has boundary parallel to λ
so this loop is also independent of the product structure. Any simple
closed curve in ∂N is a sum pµ + qλ and thus determines a fraction
p
q
∈ Q ∪ {1
0
}, called its slope.
For any essential, simple closed curve ℓ in T , the subset ℓ × S1 ⊂
T × S1 is a non-separating incompressible torus in M . We can define
slopes µ′ = ℓ × {y} for y ∈ S1 and λ′ = {x} × S1 for x ∈ ℓ, so again
each loop in ℓ × S1 determines a slope p
q
. In this case, the loop µ′ is
determined by the product structure of N , not the topology alone. A
different product structure will imply a different µ′. For our purposes,
it suffices to fix a product structure on N , since we will always be
dealing with these slopes in a relative way.
Let (Σ, H1, H2) be a Heegaard splitting for M . Let f : M → [0, 1]
be a sweep-out such that each level surface of f is isotopic to Σ. Let
S = ℓ× S1 be a vertical torus in N . After an arbitrarily small isotopy
of f , the restriction of f to S will be a Morse function. As mentioned
above, a Morse function on a torus always has an essential level set and
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the essential levels define a single isotopy class of simple closed curves.
Thus f determines a unique slope in S.
We will say that Σ determines a slope p
q
on S if there is a sweep-out
f with level sets isotopic to Σ such that the restriction of f to S has a
level set in S with slope p
q
. As noted above, a Heegaard splitting may
determine more than one slope. If the intersection of Σ with S contains
an essential loop of slope p
q
then f can be chosen so that Σ is a level
set of f (rather than just isotopic to one) so Σ determines the slope p
q
.
Conversely, for any sweep-out for Σ, each level surface is isotopic to Σ.
Thus Σ determines a slope p
q
in S if and only if Σ can be isotoped so
that the intersection contains a loop with that slope.
3. Lemma. If a strongly irreducible genus g Heegaard splitting (Σ, H1, H2)
for M determines more than one slope in a vertical torus S in N then
Σ can be isotoped so that the closure of Σ\N in the closure of M \N is
a properly embedded incompressible genus g−3 surface whose boundary
is a pair of loops in ∂N , each with slope 1 or −1.
Before we begin the proof, recall that a smooth function f is Morse
if every critical point is non-degenerate and no two critical points are
in the same level. A function is near-Morse if either all but one of its
critical points are non-degenerate and all are in distinct levels, or all its
critical points are non-degenerate and all but two are in distinct levels.
Proof. If (Σ, H1, H2) determines more than one slope in S then there
are sweep-outs f , f ′ such that Σ is isotopic to both a level surface of f
and of f ′ and such that the essential level sets of f |S and f
′|S determine
different slopes. Because f and f ′ are sweep-outs for the same Heegaard
splitting, there is an isotopy of M taking a level surface of f ′ to a level
surface of f . In particular, there is a family of sweep-outs {ft|t ∈ [0, 1]}
such that f0 determines the same slope in S as f
′ and f1 determines
the same slope in S as f .
Assume the family of sweep-outs is generic with respect to S, i.e.
that ft|S is near-Morse for finitely many values of t and Morse for the
remaining values of t. For any value t0 such that ft0 |S is a Morse
function, there is a neighborhood of t0 in [0, 1] such that for any t in
this neighborhood, ft|S is isotopic (in S) to ft0 |S. Thus the slope of
the essential levels can only change at the near-Morse values of t.
If two essential loops in a torus are disjoint then they are parallel,
and thus define the same slope. Thus if the essential slope changes at
a near-Morse value t0 then the regular levels of ft0 |S must all be trivial
in S. This is the case if and only if each component of the complement
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of the critical levels is contained in an open disk in S. If ft0 |S is a near-
Morse function with a degenerate critical point (but its critical points
are in distinct levels) then the complement of the critical levels must
still contain a component not contained in a disk. Thus the slope of
the essential levels of ft|S can only change when ft0 |S has two saddles
at the same level, and this level set cuts S into disks.
The critical level containing the two saddle singularities is a graph
with two valence four vertices and thus four edges. There are exactly
two (homeomorphism classes of) connected graphs with four edges and
two valence four vertices: Let Γ0 be a two-vertex graph in which two
edges pass between the two vertices and one edge goes from each vertex
back to itself. Let Γ1 be a two-vertex graph in which each edge goes
from one vertex to the other.
Let Γ be a critical level set of a near-Morse function on an oriented
surface S such that Γ is homeomorphic to Γ0 or Γ1. Given an ori-
entation for an edge of Γ, the orientation of S defines a transverse
orientation. Choose an orientation for each edge so that the transverse
orientation points in the direction in which the near-Morse function is
increasing. The embedding of Γ suggests a cyclic ordering of the ends
of the edges that enter each vertex. Because each vertex is at a saddle
singularity, the edges must alternate whether they point towards the
vertex or away.
If Γ is homeomorphic to Γ0 then for each edge that passes from a
vertex to itself, one end points towards the vertex and the other away.
Thus the ends of each such edge are adjacent in the cyclic ordering
around the vertex. This implies that a regular neighborhood of Γ
is planar. If S is a torus then the complement of Γ must contain a
component that is not contained in a disk in S.
Thus if the slope defined by the Morse function changes, the level
containing two saddles must be homeomorphic to Γ1. There is a unique
(up to homeomorphism) way that such a graph can be embedded in a
torus such that its complement is a collection of diks. This is shown at
the bottom left of Figure 1. The top left picture shows the intersection
of this level set with a square whose sides are glued to construct the
torus, chosen so that the two vertices of Γ are in the two edges of the
glued square.
Let R be a regular neighborhood of S and F the level surface of ft0
that contains the critical level. The surface F intersects R as shown
on the right of Figure 1. Because of the identifications at the edges of
the square, this intersection is a sphere with four punctures, which we
will call U , and a (possibly empty) collection of annuli. The boundary
loops of U (and thus the boundary loops of F \R) determine slopes in
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Figure 1. Extending a level surface of ft0 locally from
a critical level in S with two saddles produces a sphere
with four punctures.
S that intersect in one point. Note that F is isotopic to Σ because it
is a level surface of a sweep-out for (Σ, H1, H2).
Claim. The intersection F ∩S consists the graph U ∩S and a (possibly
empty) collection of loops that are trivial in both S and F .
Proof of Claim. Let g be the restriction of the sweep-out ft0 to the
surface S. Each level set of g is the intersection of S with a level
surface of ft0 . There is a canonical way (up to isotopy) to identify
this level surface with Σ, so each loop component of each level set of g
determines an isotopy class of simple closed curves in Σ. At a central
singularity in g, a loop corresponding to a trivial loop in Σ is added or
removed. At a level where there is a single saddle singularity in g, one
loop is turned into two, or vice versa by a band summing operation.
For t near 0, these simple closed curves bound disks in H1 and near
1, they bound disks in H2. For any regular level of g, consisting of a
number of simple closed curves, the corresponding isotopy classes of
loops in Σ are pairwise disjoint. Because Σ is strongly irreducible, a
fixed level set of g cannot determine essential loops in Σ bounding disks
on both sides. Every regular level of g contains a trivial loop in S, so
one of the loops in Σ determined by this regular level bounds a disk in
H1 or H2.
The disks cannot switch from one side to the other at a critical level
with a single saddle because the loops in Σ before and after the band
summing are disjoint. Thus the switch occurs at the single level of g
with two saddle singularities. In particular, the loops that limit onto
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this level set bound disks in opposite handlebodies (Though these disks
are not disjoint.), so the remaining loops of intersection must be trivial
in F . 
To complete the proof, isotope F so as to remove any loops that are
trivial in both F and S. Bachman and Derby-Talbot [1] pointed out
that after these trivial loops are removed, S \F is a pair of compressing
disks for F whose boundaries, when made transverse, intersect in four
points. These compressing disks are on opposite sides of F and are
contained in the regular neighborhood R. Any compressing disk for
F \R is disjoint from each of the disks in S \F . Because (Σ, H1, H2) is
strongly irreducible and F is isotopic to Σ, Σ\Rmust be incompressible
in M \R.
The manifold N \ R is homeomorphic to a pair of pants cross S1.
Any incompressible surface in this manifold is either a vertical torus or
a horizontal pair of pants. The surface F ∩ (N \R) has boundary so it
is not a vertical torus and must consist of some number of horizontal
pairs of pants. The pairs of pants intersect R in the loops ∂U . As
noted above, these loops have slopes on the boundary of the closure of
R that, when projected into S, intersect in one point.
The first homology group of N \ R is isomorphic to Z × Z2 where
the first Z is generated by the S1 factor of the pair of pants cross a
circle. The three boundary loops of a component of F ∩ (N \R) bound
a pair of pants so the sum of the homology elements they generate is
zero. The first coordinates of the two loops in ∂R differ by exactly one
(since they intersect in a single point in S) so first coordinate of the
third loop must be −1 or 1. In other words, the third cuff of each pair
of pants must have slope 1 or -1 in ∂N .
The surface F ∩ N is the union of a four times punctured sphere
F ∩R and two pairs of pants F ∩ (N \R) so F ∩N is a twice punctured
genus two surface. Thus F \ N is an incompressible, twice punctured
genus g − 3 surface whose boundary has slope 1 or -1 in ∂N . 
3. Seifert fibered spaces
Let M be a Seifert fibered space and let c ⊂ M be a critical fiber.
The complement in M of a regular neighborhood U of c is a surface
bundle. Let F be a leaf of this bundle and assume that ∂F consists of a
single loop in ∂U that is a longitude of the solid torus U . Let Σ be union
of two disjoint leaves parallel to F and an annulus in U connecting the
boundaries of these leaves. Each component of the complement of Σ is
homeomorphic to the union of (∂F )×(0, 1) and a regular neighborhood
of ∂F × (0, 1).
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Because F is a surface with boundary, this set is a handlebody so
Σ determines a Heegaard splitting (Σ, H1, H2). A Heegaard splitting
constructed in this way is called a horizontal Heegaard splitting. Recall
the collection {Ti} of vertical tori defined in Section 1. The slope that
(Σ, H1, H2) determines on each Ti is precisely the slope of intersection
between F and Ti.
Sedgwick [7] showed that a horizontal Heegaard splitting is irre-
ducible if and only if the winding number of c is greater than the least
common multiple of the winding numbers of the other critical fibers.
In particular, if Σ is strongly irreducible then the winding number of c
must be the largest over all the critical fibers inM . Thus if (Σ′, H ′1, H
′
2)
is a second strongly irreducible horizontal Heegaard splitting ofM then
Σ′ is constructed starting from the same fiber c. The incompressible
surface F is uniquely determined (up to isotopy) by the slopes of inter-
section between F and each Ti. Thus if Σ and Σ
′ determine the same
slope in each Ti then they were constructed from the same c and F ,
and are therefore isotopic.
Proof of Lemma 2. The discussion above shows that if two strongly ir-
reducible, horizontal Heegaard splittings determine the same slope with
each Ti then they are isotopic. We will prove the converse. Without
loss of generality, assume i is odd, so that Ti ∩ Ti+1 is a single simple
closed curve.
A regular neighborhood N of Ti ∪ Ti+1 is homeomorphic to a punc-
tured torus cross an interval. Because Ti and Ti+1 is each isotopic to
a union of regular fibers in M , we can assume that N is also a union
of regular fibers. The complement in M of N is a Seifert fibered space
so every incompressible surface in M \N is either a vertical torus or a
horizontal incompressible surface. The only of these surfaces that has
boundary in ∂N is a horizontal surface.
Assume for contradiction Σ determines more than one slope in Ti.
Then by Lemma 3 there is an incompressible surface F in the com-
plement of N that intersects the boundary in two parallel loops with
slope ±1. A horizontal incompressible surface in a Seifert fibered space
is non-separating so F (which is separating) must be a union of two
horizontal surfaces. The complement M \N is a Seifert fibered space
whose fibers in ∂M match the fibers in N , and thus have slope ∞ in
∂N .
Each boundary component of F has slope ±1 so each regular fiber
of the fibrations intersects each component of F in a single point. The
number of intersections of a singlular fiber with a horizontal surface is a
proper integral fraction of the number of intersections with the nearby
HORIZONTAL HEEGAARD SPLITTINGS OF SEIFERT FIBERED SPACES 9
regular fibers, so M \N contains no singular fibers. By construction,
N containes no singular fibers, so M must be a circle bundle. By
construction, circle bundles do not admit strongly irreducible horizon-
tal Heegaard splittings (see also Weidmann’s classification of Heegaard
splittings of circle bundles in the Appendix of [1]) so this contradicts
the assumption that M admits a strongly irreducible, horizontal Hee-
gaard splitting. 
Proof of Theorem 1. Lemma 2 implies that a strongly irreducible hor-
izontal Heegaard splitting is uniquely determined by the 2g-tuple of
slopes it determines with the incompressible tori {Ti}. To show a one-
to-one correspondence to Z2g we need only show that if M admits a
strongly irreducible horizontal Heegaard splitting then for any 2g-tuple
there is a strongly irreducible horizontal Heegaard splittings that de-
termines this 2g-tuple of slopes.
IfM has a strongly irreducible, horizontal Heegaard splitting (Σ, H1, H2),
then Σ was constructed from some critical fiber c and an incompress-
ible surface F in the complement of c. The critical fiber c can always
be taken disjoint from each Ti.
Given positive integers n and i ≤ g, consider n parallel copies T2i.
The surface F intersects each copy T j
2i of T2i in two simple closed curves.
Let U be a regular neighborhood of a component of F ∩ T j
2i. The
intersection of F ∪ T j
2i with U is the union of a pair of annuli that
intersect in a common essential loop. There are two ways to replace
these two intersecting annuli with two disjoint annuli. If we make
this replacement in the same way in each neighborhood, the resulting
surface will have slope either n or −n in T2i+1. For every other Tj , the
slopes of F ∩ Tj and F
′ ∩ Tj agree. (This operation is called a Haken
sum.) We will say that the surface with slope n is the result of spinning
F around T2i n times.
Similarly, spinning F around T2i+1 changes its slope with T2i but not
with the other vertical tori. Thus by spinning F around the vertical
tori, one can construct a horizontal surface F ′ that intersects the ver-
tical tori {Ti} in any 2g-tuple. This F
′ has the same boundary as F in
∂N(c) so F ′ ∪A is a horizontal Heegaard surface Σ′ for M . There are
two ways to see that Σ′ is a strongly irreducible, horizontal Heegaard
surface. First, the reader can check that there is a homeomorphism
from M to itself taking Σ onto Σ′. Second, both Heegaard splittings
are constructed from the same critical fiber in M , so by Sedgwick’s
results [7], both are strongly irreducible. The Heegaard surface Σ′ de-
termines the same 2g-tuple of integers as F ′, so for each 2g-tuple of
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integers, there is a strongly irreducible, horizontal Heegaard splittings
whose slopes in {Ti} realize those values. 
4. Double primitive knots
In this section we will construct a family of 3-manifolds with infin-
itely many non-isotopic genus three Heegaard splittings. In the next
section, we will show that for certain Seifert fibered spaces over the
torus with two critical fibers, the Heegaard splittings all determine the
same Nielsen classes of generators for the fundamental group.
Let X be a compact, closed, orientable, irreducible 3-manifold with
a genus two Heegaard splitting (Σ′, H ′1, H
′
2) and let ℓ ⊂ Σ
′ be a simple
closed curve such that for i = 1, 2, ℓ intersects some essential, properly
embedded disk Di ⊂ H
′
i in a single point. Such a loop is called double
primitive. (A knot in S3 that is isotopic to a double primitive loop in
a genus two Heegaard splitting is called a Berge knot.)
Let Y ⊂ X be a regular neighborhood of a double primitive loop
ℓ ⊂ Σ′. The intersection ∂Y ∩ Σ′ is a pair of loops ℓ′1 and ℓ
′
2 in the
torus ∂Y . Define N = T × S1 where T is a once punctured torus and
let x1,x2 be points in S
1. Let M be the result of gluing X \ Y to N by
a map that sends ℓ′1 to ∂T × {x1} and sends ℓ
′
2 to ∂T × {x2}.
4. Lemma. The surface Σ = Σ′ ∪ (T × {x1, x2}) is a genus three
Heegaard surface for M .
Proof. The complement in N of (T × {x1, x2}) consists of two com-
ponents, each of whose closure is a genus two handlebody T × I for
I ⊂ S1 one of the two intervals with endpoints x1, x2. Let N1, N2 be
these handlebodies. Then each of N1∩∂N and N2∩∂N is an annulus.
In M , the complement M1 = H1 \ Y is a handlebody. Because ℓ
is double primitive, the intersection of M1 with the closure of Y is an
annular neighborhood A of a loop in ∂M1 that intersects some properly
embedded, essential disk D ⊂ M1 in a single point. A closed regular
neighborhood U inM1 of A∪D is a solid torus such that U intersects the
closure of M1 \U in a disk. In M , the set U is a regular neighborhood
of an annulus in the boundary of N1. Thus N1 ∪ U is a handlebody.
The setM1∪N1 is the union of the closure ofM1\U (which is a han-
dlebody) and the handlebody N1 ∪ U . The two handlebodies intersect
in a disk so their union is a handlebody H1. A similar argument for
M2 implies that N2 ∪M2 is a handlebody H2. Thus Σ = ∂H1 = ∂H2
is a Heegaard surface for M . 
The Heegaard surface Σ = Σ′∪(T ×{x1, x2}) determines a Heegaard
splitting (Σ, H1, H2) such that H
′
1 ⊂ H1 and H
′
2 ⊂ H2. Note that the
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Lemma requires that for s ∈ S1, ∂T × {s} is sent to the same slope in
∂Y as ℓ′1, but there is no requirement for the slope that a loop {t}×S
1
(t ∈ ∂T ) is glued to. Thus there are infinitely many gluings that will
produce a manifold with a genus three Heegaard splitting.
5. Lemma. If (Σ, H1, H2) is weakly reducible then X \ Y is a solid
torus.
Proof. Because M has Heegaard genus three, it cannot be a connect
sum of T 3 with a non-trivial manifold. If ∂N is compressible then it
compresses down to a sphere, which must bound a ball. Thus if ∂N
is compressible then M \ Y is a solid torus. We will therefore assume
that ∂N is incompressible.
Assume further that Σ is weakly reducible. By Casson and Gordon’s
Theorem [2], if (Σ, H1, H2) is weakly reducible then Σ is reducible or
Σ compresses to a separating incompressible surface S in M . In the
second case, each component of the complement of S has a Heegaard
splitting that comes from compressing Σ.
The 3-manifold M does not admit a genus two Heegaard splitting
because by the main Theorem of [4], if a closed 3-manifold M contains
a separating incompressible torus and a genus two Heegaard splitting
then each piece of the complement is a Seifert fibered space over a
disk, an annulus or a Mobius band, the complement of a (1, 1) knot in
a lens space or the complement of a two-bridge knot in S3. (In fact,
the theorem is much stronger than this, but that’s all we need.) The
component N is not one of these three types so M does not admit a
genus two Heegaard splitting. Because Σ is not reducible, the weak
reduction must determine a separating incompressible surface S ⊂ M .
Because S is the result of compressing the genus three surface Σ at
least twice, S must consist of one, two or three tori. Because each com-
ponent of M \S has a Heegaard splitting that comes from compressing
the genus three surface Σ, each component ofM \S has Heegaard genus
at most two. Any submanifold of M containing N has Heegaard genus
at least three (for the same reason that M has Heegaard genus at least
three) so S must intersect N .
Any incompressible surface in N is either a vertical torus or a hori-
zontal once punctured torus. If S ∩N contains a horizontal punctured
torus then S \ N contains a disk so ∂N is compressible into X . This
contradicts the assumption that ∂N is incompressible.
Thus S consists of vertical tori in N . Because it is separating, S
must consist of a union U ⊂ N of two parallel vertical tori (each of
which is non-separating). Each component of M \ U has a Heegaard
splitting induced from Σ and such a splitting has genus at most two.
12 JESSE JOHNSON
One component is homeomorphic to a torus cross an interval. The
other component is the union of M \ Y and a pair of pants cross an
interval.
Let Z be this second component. Note that if M \ Y is not a solid
torus then the fundamental group of M \ Y has rank at least two.
The fundamental group a pair of pants cross an interval is the direct
product of Z and a free group F2 on two generators. By Van Kampen’s
Theorem, the fundamental group of Z is the quotient of the free product
π1(M \Y )∗ (F
2×Z) by two relations, one of which equates an element
of F2 to an element of π1(M \ Y ) and the other equates a generator of
Z to an element of π1(M \ Y ). There is thus a homomorphism from
π1(Z) onto the direct product π1(M \Y )×Z. If Z admits a genus two
Heegaard splitting then π1(Z) has rank at most 2 so π1(M \ Y ) has
rank at most one, implying M \ Y is a solid torus. 
Let α and β be essential simple closed curves in T whose intersection
is a single point. Define Sα = α × S
1 and Sβ = β × S
1. Because Σ
contains T×x1 and T×x2, it determines the slope 0 in both Sα and Sβ.
Let Σi be the result of spinning Σ i times around Sβ as in Section 3. If
two such surfaces, Σi and Σj (i 6= j), are isotopic then Σi determines
both the slope i and the slope j. By Lemma 3, this implies that Σ can
be isotoped to intersect X \ Y in an incompressible, twice punctured,
genus zero surface, i.e. an annulus.
Assume that Σ can be isotoped to intersect X \ Y in an incompress-
ible, properly embedded annulus A. If A is boundary compressible then
because X is irreducible, A must be boundary parallel. Isotoping A out
of X \ Y makes Σ disjoint from ∂(X \ Y ). This implies that ∂(X \ Y )
must be compressible because a Heegaard surface cannot be made dis-
joint from a closed incompressible surface. Thus we have proved the
following:
6. Lemma. If ∂(X \Y ) is incompressible in M and X \Y does not con-
tain a properly embedded, essential (i.e. incompressible and boundary
incompressible) annulus then M admits infinitely many non-isotopic
Heegaard splittings.
Note that if M is the complement of a knot K in S3 then Lemma 6
holds whenever K is not a torus knot or a cable knot.
5. Nielsen equivalence
Let (O,B1, B2) be a genus one Heegaard splitting of S
3 and K ⊂ O a
simple closed curve that does not bound a disk in S3. (The curve K is
a non-trivial torus knot.) We can give each solid torus B1, B2 a Seifert
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fibration such that K ⊂ ∂Bi is a fiber. This defines a Seifert fibration
of S3 such that there is a regular neighborhood Y of K consisting of
a union of fibers. Thus the complement in S3 of Y is a Seifert fibered
space over the disk with two singular fibers. A regular fiber in ∂Y
determines the same slope as O ∩ ∂Y .
Let m be the boundary of a small disk D that intersects K in a single
point and O in a single arc. Let U be an open regular neighborhood
of m. Define E to be the union of the twice punctured sphere O \ U
and the annulus ∂U¯ ∩ B1. (Here U¯ is the closure of the open set U .)
Define E ′ to be the union of O \ U and ∂U¯ ∩B2.
Because m bounds a disk that intersects K in a single point, there
is a homeomorphism from S3 to the result of 1 Dehn surgery on m
that takes K onto itself. Let F be the image in this homeomorphism
of E and let F ′ be the image of E ′. In other words, F and F ′ are the
result of “twisting” E and E ′, respectively, about the meridian m. The
differences E ′ \E and E \E ′ are annuli whose union bounds the solid
torus U¯ . The annuli meet in meridians of the solid torus. After the
Dehn surgery, F ′ \ F and F \ F ′ again bound the solid torus, but this
time they meet along a longitude of the solid torus. Thus there is an
isotopy from F ′ \F to F \F ′. Extending this isotopy to all of F ′ takes
F ′ onto F so F and F ′ are isotopic in S3 fixing F ′ ∩ Y = F ∩ Y .
The surface F is the result of adding a trivial handle to the genus one
Heegaard surface O. Thus F defines a genus two Heegaard splitting
(Σ′, H ′1, H
′
2) for S
3 where Σ′ = F , H ′1 = B1 \ U and let H
′
2 = B2 ∪ U¯ .
The intersection D ∩ H ′′2 ∩ B1 is an essential disk properly embedded
in H ′2 and intersects K in a single point. Thus K is primitive in H
′
2.
Because F ′ is isotopic to F , a similar argument for F ′ implies that K is
also primitive in H ′1. (The reader can check that F results from taking
the standard unknotting graph consisting of a core for B1 and a short
arc to K, then pushing K into the resulting Heegaard surface in a way
that makes it double primitive.)
Let T be a once punctured torus, let s1 and s2 be points in S
1 and
let t1 and t2 be points in ∂T . Let M be the result of gluing S
3 \ Y to
T×S1 so that the loops O∩∂Y are sent to t1×S
1 and t2×S
1 while the
loops Σ′∩∂Y are sent to ∂T ×s1 and ∂T ×s2. (This is possible because
each component of O ∩ ∂Y intersects each component of Σ′ ∩ ∂Y in a
single point.
Since K is double primitive in Σ, Lemma 4 implies that the union
Σ = (Σ \ Y ) ∪ (T × (s1 ∪ s2)) is the surface in a genus three Heegaard
splitting (Σ, H1, H2) for M . By Lemma 5, this Heegaard splitting is
strongly irreducible. Moreover, because loops of the Seifert fibration in
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∂(S3 \ Y ) are glued to vertical loops in T × S1 (which can be thought
of as loops of a Seifert fibration for N), M is a Seifert fibered space.
Let α and β be simple closed curves in T that intersect in a single
point. As in the previous section, we can spin Σ around the vertical
torus Sβ = β×S
1 to construct an infinite family of Heegaard splittings
{(Σi, H i1, H
i
2)} such that Σ
i determines the slope i in the vertical torus
Sα = α× S
1.
7. Lemma. The Heegaard splittings (Σi, H i1, H
i
2) and (Σ
j , H
j
1, H
j
2) are
isotopic if and only if i = j. However, the generating set for π1(M)
defined by the inclusion map π1(H
i
1) → π1(M) is Nielsen equivalent
to that defined by π1(H
j
1) → π1(M) for all i, j. The generating set
determined by π1(H
i
2) → π1(M) is Nielsen equivalent that defined by
π1(H
j
2)→ π1(M) as well.
Proof. Note that there is an essential annulus properly embedded inM
so Lemma 6 is not enough to distinguish Heegaard splittings by their
slopes. However, this annulus intersects ∂Y in the same slope as O∩∂Y
which determines the slope∞ in ∂T ×S1. Thus Lemma 2 implies that
Σi determines a unique slope on any vertical torus in T ×S1. Since Σi
determines slope i and Σj determines slope j, we conclude Σ
i and Σj
are isotopic if and only if i = j.
All that remains is to show that the Nielsen classes of the generators
for π1(M) determined by these Heegaard splittings are all equivalent.
We will show this for Σ0 and Σ1. A similar argument works for any Σ
i,
Σi+1 and the general result follows by induction on |i|.
We will choose as the base point for π1(M) a point p = (a, b) ∈
∂T ×S1. The fundamental group of the punctured torus T ×{b} (with
base point b ∈ ∂T ) is a free group on two generators. Let x and y be
the inclusion into π1(M) of these generators. We can choose x and y so
that an arc representing x intersects Sβ in a single point and is disjoint
from Sα. Similarly, we can assume that an arc representing y intersects
Sα in a single point and is disjoint from Sβ .
Let z be the element of π1(M) defined by the loop a × S
1. Let t
be the element of π1(M) defined by a path that follows a short arc
into B1 ⊂ S
3, then follows a core of B1 disjoint from the disk D, then
follows the short arc back to p. Because z is determined by a regular
fiber and t is determined by a singular fiber of order t, we have z = tp
for some integer p.
The fundamental group ofH01 is generated by x, y and t, so it induces
the Nielsen class [x, y, t] for π1(M). The only generator for H
0
1 that
intersects Sβ is x. Spinning Σ
0 around Sβ replaces x with xz = zx or
xz−1 = z−1x, while fixing y and t. Without loss of generality, we will
HORIZONTAL HEEGAARD SPLITTINGS OF SEIFERT FIBERED SPACES 15
assume it replaces x with xt. Thus H11 determines the Nielsen class
[xz, y, t]. We noted above that z = tp, so the new generating set is in
fact [xtp, y, t], which is Nielsen equivalent to [x, y, t], the generating set
for H01 . The generating sets induced by π1(H
0
1 ) and π1(H
1
1 ) (and by
induction of any π1(H
i
1)) are Nielsen equivalent.
Above, we constructed Σ0 from the surface F in the knot complement
M \Y . Switching the roles of B1 and B2 in this construction switches F
and F ′, so the resulting Heegaard splitting would be constructed from
F ′. However, we noted that F ′ is isotopic to F in M \ Y . Thus the
Heegaard splitting that results from switching the roles of B1 and B2 is
isotopic to (Σ0, H02 , H
0
1 ) (i.e. the same Heegaard surface, but with the
order of the handlebodies switched.) We can thus apply the argument
above to H02 and H
1
2 , implying that the generating sets induced by
π1(H
i
2) and π1(H
j
2) are Nielsen equivalent for all i, j. 
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